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. The nice review article by M. Lieber
9
and his contribution in
Ref. 10 is also worth mentioning. In the beginning there stands, of course, Pauli's seminal
work on the hydrogen atom
11
.
2 The 2-D Hydrogen Atom in Momentum Space and
its Projection onto the Fock Sphere in 3-D
Since the problem has already been discussed in this Journal
12
we will merely list some of
the well-known results following from the existence of the conserved Laplace-Runge-Lenz
vector. But we will also remind the reader of Fock's and Bargmann's work in the context of
the simpler two-dimensional Coulomb problem and so assist the student in understanding
their contribution as well.
























The angular momentum vector has only one component, L = L
3
, and the Runge-Lenz




) . In 2-D one nds (h = 1):
























































so that we obtain for energy eigenstates according to Eq. (4)
AA = iL: (7)
Recall that in 2-D the vector product is a pure number:









Now it is useful to eliminate
1
r


























































When acting on energy eigenstates one may write





















































































In 3-D one nds 2 instead of
3
2
in the last term on the right-hand side of Eq. (13).
At this stage we go to the momentum representation and write for any state vector j i
the numerical value







hpj i  A (p): (14)








































and pull the denominator all the way to the left, past



























































































































. This is also the wave function found in Ref. 13,
where the two-dimensional analog of Fock's treatment is exhibited beautifully.




X F , which is called a similarity transformation, maintaining algebraic properties.







. If we want simple
commutation relations, we must look in the middle, i.e., in the square brackets of (16),




term in (16), which can be accomplished by projecting the 2-D momentum space
onto the 3-D sphere in the same way that Fock did for the 3-D momentum space problem.






















where  = (
0















































































































































































































































A in (21) and L on the right-hand side of (24) look quite dierent. But it is possible to
write them in the same form. To do this we must get of the Fock sphere, which is our unit
sphere in 3-D space. Recall that, up until now, 
0




= 1   
2
. Now let us think of 
0
as being independent. Then the following obvious
relation exists between our former spatial derivative, where 
0
was constrained, and a new
derivative, where 
0





























Now we can write, instead of Eq. (21), where 
0
























Eq. (25) is just a rotation connecting the 0-axis with the k-th axis (k = 1; 2). This, then,































; a; b = 0; 1; 2; (27)
















































where  and 
0



















or L := (M; L
3
), we obtain the O(3) algebra
1
i























We know the eigenvalues of L
2







) l(l + 1); l = 0; 1; 2 : : : : (34)
The eigenfunctions are, of course, the spherical harmonics Y
lm
(








and the quantum number m can take all the integer values from  l to l, so that the
degeneracy of the energy state is 2l + 1.
Finally we want to demonstrate that Pauli's treatment of the H-Atom leads directly to
the method developed by Fock
2
. We hereby take advantage of Bargmann's work
3
, which
we adopt for two spatial dimensions.
Consider the following calculations in a Euclidean space of dimensionality D, in partic-
ular, D=3. Can we derive the result (35), using the 3-D angular momentum directly?




























































































































































+ (  @)
2
+ (D   2)  @: (37)
7
We now want to nd eigenvalue solutions for this dierential operator. Let f be a solution
with @
2
f = 0 with f homogeneous in x to some degree: (  @)f = d f; d = 0; 1; 2; : : : .
Then consider the special case D=3:
(  @)S() = l S(); @
2
S = 0:












+ (3   2)l

S() = l(l+ 1)S();
where now S() are the well-known spherical harmonics, and so indeed we come back to










 = l(l + 1) (h
2




3 The 2-D Green's Function of the H-Atom on Mo-
mentum Space
















Here we recall Eq. (1). H
0
























































































































At this stage we introduce the Fock-sphere once again and set the 2-D momentum space










































































The area element on the unit sphere is
d
 = sin  dd =  d(cos ) d;




















































































It is easy to check that indeed
R
d
 = 4. The delta function connecting two points on















and the distance squared between two points ; 
0
on the Fock surface (  
0













































































































































































































































































































































































; n = 1; 2; : : : : (63)










































































































































) in a form that will be easy to continue analytically. To
































































Using  2 cos  =  2  
0




  2, jj = j
0
j = 1, we get:
1  2 cos  + 
2










= (1   
2


















































































which again yields the multiplicity of the quantum number l:
m(l) = 2l + 1; l = 0; 1; 2; : : :
or m(n) = 2n  1; n = 1; 2; : : : :



























and the integral representation (valid for  < 1=2):
1
















































































































































































Here, we consider only the -integral term which yields, with the aid of Eq. (70):
G(p;p
0
























































































































































































































+ : : : : (74)
The remaining integral is dened for all  such that Re  <
3
2
. This process can be repeated
as often as necessary to isolate more poles and extend the acceptable region for .
So far we have been interested in bound states. But from now on we will be interested
in scattering states. Hence we extend  analytically to complex values, in particular to the
imaginary axis. So let us dene






2mE (E > 0): (75)










































































) + : : : :





















































































































































































































Because the scattering is characterized by
(E   T )  0  (E   T
0










































































In the limit of large  the integral in (84) may be computed with some formulas given in

























































































































































































































































































This agrees with the Born approximation. Our result was also found in Ref. 16.
18
4 Conclusion
In this paper we have studied the quantum mechanical Coulomb problem in two spatial
dimensions. Although it is true that the three-dimensional analogue is the more important
{ since physical { one, it seems to us that the two-dimensional model helps immensely
to understand the mathematical aspect of the real three-dimensional case. Spherical har-
monics on the two-sphere are certainly more familiar than the ones on the three-sphere.
Following the strategy initiated by Fock, Pauli and Schwinger, we were able to solve the
two-dimensional Coulomb problem analytically, i.e., we presented the exact Green's func-
tion for the two-dimensional hydrogen atom. Exact formulas were then given for both the
discrete and the continuous parts of the spectrum. We hope that by studying the present
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